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Abstract. We study 2-dimensional submanifolds of the space L(IHI'') of ori- 
ented geodesies of hyperbolic 3-space, endowed with the canonical neutral 
Kahler structure. Such a surface is Lagrangian iff there exists a surface in H'^ 
orthogonal to the geodesies of E. 

We prove that the induced metric on a Lagrangian surface in L(H^) has 
zero Gauss curvature iff the orthogonal surfaces in are Weingarten: the 
eigenvalues of the second fundamental form are functionally related. We then 
classify the totally null surfaces in L(H'') and recover the well-known holomor- 
phic constructions of flat and CMC 1 surfaces in H''. 



Recently the existence and uniqueness of a canonical neutral Kahler structure on 
the space L(]HI'^) of oriented geodesies of hyperbolic 3-space H'^ has been established 
[4] [12]. The main purpose of this paper is to apply this work to the study of 
surfaces S in H'^. The oriented geodesies normal to S form a surface in L(H'^) 
which is Lagrangian with respect to this Kahler structure. In fact, the study of 
surfaces in H'^ is equivalent, at least locally, to the study of Lagrangian surfaces in 
L(H3). 

Special classes of surfaces in hyperbolic 3-space have been studied for many 
decades, with various constructions being developed and applied to the particular 
class of surfaces under consideration. For example, surfaces of constant mean cur- 
vature 1 have been investigated in [1], while flat surfaces have been treated in [7] [8] 
[11]. The common feature of these surfaces is that they are Weingarten [14]: they 
have some specified functional relationship between the eigenvalues of the second 
fundamental form. Other forms of this relationship have been considered [3] [9] and 
uniqueness results obtained for Weingarten surfaces in [2] [6]. 

In this paper we give a new characterization of the Weingarten condition for 
surfaces in H'^: 



Main Theorem: 

Let S C be a C"^ smooth immersed oriented surface and S C L(H'^) be the 
Lagrangian surface formed by the oriented geodesies normal to S. Assume that the 
metric Gs induced on T, by the neutral Kahler metric is non- degenerate. Then S 
is Weingarten iff the Gauss curvature of Gs is zero. 



The proof of this result follows from a careful study of 2-dimensional submani- 
folds of L(]HI^) using local coordinates, moving frames and the correspondence space. 
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In the following section we give the geometric background (further details can be 
found in [4]) and explore the submanifold theory of surfaces in L(H^). Section three 
contains the proof of the Main Theorem. 

In the final section we classify the totally null surfaces in L(EI^) and recover the 
holomorphic constructions of flat and CMC 1 surfaces in H^. 



1. Geometric Background 

We briefly recall the basic construction of the canonical neutral Kahler metric 
on the space L(IHI^) of oriented geodesies of - further details can be found in [4]. 
We use one of two models of H^, the Poincare ball model: 

= {iy\y^y') g | [y^f + [y^f + [y^ < 1}, 

with standard coordinates {y^,y'^,j/) on IR-^, and hyperbolic metric 

' [l-(yl)2_(y2)2_(j^3)2]2- 

and the upper-half space model: 

Rl={ix'^,x\x'') eR^ \x° >0}, 

for standard coordinates {x°,x^,x'^) on M^. In these coordinates the hyperbolic 
metric has expression: 

2 _ jdx'')^ + {dx^)^ + jdx^)^ 

- (^0)2 

These are related by the mapping : x^^x^) ^ {y^,y^,y^) defined by 



(a;0 + l)2 + (xi)2 + (x2)2' ^ (:c0 + l)2 + (a;i)2 + (x2)2' 



y 
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(x")2 + (.t1)2 + (.t2)2 



(x0 + l)2 + (a;i)2 + (a;2)2- 

An oriented geodesic in is uniquely determined by its beginning and end point 
on the boundary of the ball model, and so L(IHI^) can be identified with S'^ x S'^ — A, 
where A is the diagonal in S"^ x S'^. Endowing ^2 x ^2 — A with the standard 
diff'erentiable structure, a tangent vector to an oriented geodesic 7 e L(EI^) can 
then be identified with an orthogonal Jacobi field along 7 C H^. 

Rotation of Jacobi fields through 90° about 7 defines an almost complex structure 
on L(IHI'^). This almost complex structure is intcgrablc, and so L(]HI'^) becomes a 
complex surface, which turns out to be biholomorphic to x — A. Here A is 
the "refiectcd" diagonal: in terms of holomorphic coordinates (/ii,//.2) on P^ x P^, 
A = {(/xi, /X2) : /ii/i2 = -1}. This distinction between P^ x - A and P^ x P^ - A 
is crucial, as explained in section 4.4. 

The complex structure JJ on L(IHI^) can be supplemented with a compatible sym- 
plectic structure O, which has the following expression in holomorphic coordinates: 



n = - 



— — 2 d/ii A dii2 + TTT^ \2 ^'"1 ^ '^'"2 

(l + /Ul/i2)2 (l + /Ul/i2)2 



(1.1) 
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Together we obtain a Kahler metric i 



(l + MiM2)2 



i d/[t2 — 



1 



(1.2) 



(l+MiM2)2 

This metric, which has signature + H , is invariant under the action induced on 

L(]HI^) by the isometry group of H'^. Indeed, this has been shown to be the unique 
Kahler metric on L(HI^) with this property [12]. 

In order to transfer geometric data between L(HI^) and we use a correspon- 
dence space: 



L(H3) X M 




L(H3) 



The key property of this correspondence is that, given 7 € L(EI^), the set $ o 
7rj^^(7) is the oriented geodesic in H^, while, for a point p € H^, tti o ^~^{p) is the 
set of oriented geodesies in L(1HI'^) that pass through p. 

The map $ takes an oriented geodesic 7 in L(H^) and a real number r to the 
point on 7 an affine parameter distance r from some fixed point on the geodesic. 
This choice of point on each geodesic can be made globally, but we more often just 
use a local choice, which is sufficient for our purposes. 

In terms of holomorphic coordinates {^1,^2) on L(EI^) and upper-half space 
coordinates (x°,x^,a;^) the map $ has expression: 

,= i:_^+fl + ^Vanhr, t= I' + ^^'^^l 



where z = + ix^ and t = x' 



2/i2 V / 2|/i2| coshr 

,0 

We often use local coordinates rj) on L(IHI'^) which are related to the holomor- 
phic coordinates by 

e = :r^, . = 1^. (1.3) 

1 + M1M2 2jU2 

The resulting expression for $ is 

tanhr 1 



2. Surfaces in L{B.^) 

In this section we investigate oriented geodesic congruences, that is, surfaces 
E C L(IHI'^), or two parameter families of oriented geodesies in H^. 
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2.1. Coordinates and an adapted frame in H*^. Let (a;", a;^, a;^) be the standard 
coordinates on the upper half space model of with x° > and set z = + ix"^, 

z = — and t = x^ . 

Definition 1. A null frame in is a trio {e(o), of complex vector fields 

in C(g)TEI^ where e(o) is real, e(+) is the complex conjugate of e(_) and they satisfy 
the following properties: 

< e(o) , 6(0) >= 1, < 6(0) , e(+) >=< e(+) , e(+) >= 0, < e(+) , e(_) >= 1, 

where < , > is the hyperbolic metric. 

Given an orthonormal frame {eo, 6i, 62} on TH^ we construct a null frame by 

1 . • ^ 1 . 

e(+) = -^(ei - «e2), e(_) = -^(ei + ze2), e(o) = eo . 

Definition 2. Given a surface S C L(1I"^) an adapted null frame is a null frame 
{e(o), e(_|_-|, e(_)} such that, for each 7 e S, we have e(o) = 7, and the orientation of 
{e(o),]Re(e(+)),Im(e(+))} is the standard orientation on H^. 

In what follows we consider a locally parameterized surface S c L(IHI^) : 

Proposition 1. Let S C L(]HI'^) be a surface given locally by an immersion / : C — > 
L(EI'^) : (i^, i?) {£^{v,v),ri{v,y)). Then an adapted null frame {e(o), 6(_|_), e(_)} is 
given by 

d d ^ d d 

where 

w = \/2A-^ {d^{£, Bt] + 0f)) - d+F{^dr] + ^df})^ , 

a = 2\/2A-^ d+F, b = -2s/2I^-W^, A = d+Fd+F - d-Fd^, 

(2.1) 

and 

d'^F = ^eJdfj — £_e^^drj — e'"91n^ — e^''d\n^, 

d-F = ^e^'df} - ^e-^'dri - e^'dlni - e'^'dln^. (2.2) 

Proof. A parameterized surface S gives (composing with the map $ in (1.4)) a map 

C X M ^ : (j/, i>, r) {z{i^, v, r), z{v, D, t)). (2.3) 

Consider now the adapted null frame {e(o), 6(_|_), e(_)} given by Proposition 4 of [4], 
the derivative of the map (2.3) gives 

d 

and 

^ ^ \ i^drj + ^dfj) 6(0) + ^ i^e^dfj - ie-^drj - e^d\n£, - e-'^ain^") e(+) 
+ ^ {^e-dri-^e-^dn-e^dXn^-e-'^dXn^) e(_). 
The inverse of the above transformation gives the adapted null frame. □ 
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2.2. The local geometry of geodesic congruences. We now investigate the lo- 
cal geometry of surfaces in L(EI^). Suppose that S is such a surface and {e(o), e(+), e(_)} 
is an adapted null frame, and define the two complex scalars: 

P =< Ve(_) e(+), 6(0) >, a =< Ve(^) e(+), 6(0) > . 

The complex optical scalar functions p and a describe the first order geometric 
behaviour of the surface. The real part of p is referred to as the divergence, the 
imaginary part is the twist, which is denoted by A, and a is the shear of the 
geodesies. They satisfy the Sachs equations for H'' [10]: 

dp -2 - , da , 

— =p +aa-l, — = {p + p)a, 

where r is an affinc parameter along the geodesies. Note that if the shear or the 
twist vanish at some point of the geodesic, they vanish at every point of the geodesic 
by iterations of the Sachs equations. 

Proposition 2. The optical scalars of a surface {v,^) ^ {£^{u,9),r]{v,9)) are: 
le- 



er 



\ 



(^dfj + dln^) d-F-{^df] + dhi^) d+F 



p = -l + [iCdfj + dlnO d-F - {^dfj + dlnC) d+F] , 

where d^F and A are given by (2.1) and (2.2), and d is differentiation with respect 
to V. 

Proof. The Levi-Civita connection of the hyperbolic metric is torsion-free and so 
we have the following expression for the Lie derivative of e(+) in the e(o) direction 

-^e(„,e(+) = p6(+) +ae(_). 

Recall the expression for e(_|_) given in Proposition 1 and, since < e(o) , e(_|_) >= 0, 
we find 

d , d 

UJ = -a< 6(0) , —>-h< 6(0) , ^ > • 

Therefore, 6(_,_) = aZj^ + bZ_ where 

9 d d ry d d d 

Of ou or ou ov or 

After computing the hyperbolic metric in [v, v, r) coordinates we find that 

<Z+, Z+ >= \d+Fd^, < Z+ , Z_>=\ (d+Fd+F + d'Fd^^ . 

The e(_|_) component of Le(o)6(+) is =< -^e(o)6(+) ; ^(+) > so 

^da^ ^ ^ 1962 ^ ^ dah ^ ^ 
^=2ar<^-^+>+2ar<^-'^-> + ar<^-^->- 
After a lengthy computation we find that 



^^-r + d\iiL,) d-F - (^i')ii + (VhiQ 0+F 
^ ~ ^ d+Fd+F - O-FWF ■ 

The scalar p can be found in a similar way. □ 



It's useful to know p and a in terms of the holomorphic coordinates (/Ui, p,2). 
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Proposition 3. Let be a geodesic congruence given by an immersion f : S 
L(EI^) : I— > iJ,2{i',S'))- The optical scalars p and a are 



8/^2-^2 1 



-'21 



where 
and 



Jki = dukdm - djj^kdm 



J-2 



4^ |M2P|l+/il/-i2|2' 



,2r 



J-2 



gr _ IM2|Vi1 ^ 

(l + /[ti/i2)^ |l + /il/U2P 

fc,Z = l,2,l,2, 

^12 , l/i2|V: 



(2.4) 



(l+/Xl/i2)^ (l+MlAi2)^ |l+MlM2 



Proof. This follows from the expressions in Proposition 3 and the transformation 
(1.3). □ 



2.3. Lagrangian Surfaces. 



Definition 3. A point 7 on a surface S C L(E1I''') is said to be a Lagrangian point 
if = at 7, where il is the symplectic 2-form on L(HI''). A surface S C L(HI'*) 
is said to be Lagrangian if all of the points of S are Lagrangian points. 

Proposition 4. A surface S is Lagrangian iff the imaginary part of p (the twist) 
is zero. 

Proof. Let / : S ^ L(IHI^) : {u, y) 1— > {p,i{y, y),ii2{i', V)) be the immersion of the 
geodesic congruence. 
The twist A = Imp is 



J. 



21 



'12 



.(1 + M1M2)2 (1 + M1M2)2. 

The symplectic 2-form O in L(]HI^) is given by (1.1) and so /*f2 is 



'21 



'12 



.(l+MiM2)2 (l + MiM2)^ 
The proposition then follows. 



dy A du = —XdyA dv. 
Ai 



□ 



Definition 4. An oriented geodesic congruence is integrable iff locally there exists 
an embedded surface S in such that S is orthogonal to the geodesies of the 
congruence. 

Proposition 5. A geodesic congruence E is integrable iff Yi is Lagrangian. 

Proof. The geodesies are integrable iff, in an adapted frame, [e(_|_), e(_)] lies in the 
span of {e(+),e(_)} (by Probenius' theorem). But, using the fact that the Levi- 
Civita connection of the hyperbolic metric is torsion free. 



-2Xi 



< [e(+), e(_)] , 6(0) >=< Ve(+) e(_), 6(0) > - < Ve(_) e(+), 6(0) >= p- p 
Thus integrability is equivalent to the imaginary part of p vanishing, as claimed. □ 
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Proposition 6. Let he a Lagrangian surface in L(]HI^) parameterized by v ^ 
{lii{u,D), y,2{v,v)). Then the surfaces 5 c orthogonal to the geodesies ofT, are 
given by the functions r = r{v, u) which solve: 

MlM2 + 1 V M2 / MlM2 + 1 V M2 / 

ifere </ie real constant of integration parameterizes the family of parallel surfaces 
orthogonal to the geodesies. 

Proof. A straightforward computation shows that the parametric surface in H^, 
obtained by inserting r = r{v,9) in (1.4), is orthogonal to the congruence iff the 
above condition holds. □ 



Definition 5. Given an immersion / : E ^ L(E1I'*), consider the map (tt o /)» : 
TS Tpi, where tt is projection onto the first factor of L(ll3) = x - A. 
The rank of the immersion / at a point 7 € E is defined to be the rank of this map 
at 7, which can be 0, 1 or 2. 



Note 1. Alternatively, the rank could be defined by projection onto the second 

factor. However, by reversing the orientation of the gc;o(lesics in a geodesic congru- 
ence the two definitions would switch. In what follows we take projection onto the 
first factor. 

A rank Lagrangian surface is a horosphere (see Definition 10). 
A rank 2 surface S, parameterized by ^2 = A'2(Ati) A'l)) is Lagrangian iff there is 
a smooth real function r such that 

23^^- ^1^2 ^ giM2 , A2 .2.5) 

M2(l+/^lM2) M2(l + MlM2) I + M1M2' 

where here d\ is differentiation with respect to ^,^ . 

In the Lagrangian case, the functions a and p have the following interpretation 
in terms of the second fundamental form of the orthogonal surfaces in H'^. 

Proposition 7. Let S <Z be a immersed surface and T, C L(IHI"^) be the 
oriented normal geodesies. Then 

kl = ^|Ai-A2| p = -i(Ai + A2), (2.6) 

where Ai and A2 are the principal curvatures of S . 

Proof. Let S' be a surface immersed in and let Ni be the unit normal 1-form. 
The second fundamental form is a symmetric two tensor on S defined by 

where V is the Levi-Civita connection on and is orthogonal projection onto 
the tangent space of S. Such a symmetric two tensor has two real eigenvalues, 
Ai and A2, at each point of S. These are called the principal curvatures of S 
and the associated eigen-directions are called principal directions for the surface. 
Let {e(i),e(2)} be an orthonormal eigen-basis for Hij, and then the null frame is 
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= "^(e(i) +*e(2))e*" for some angle a. Computing the null frame components 



of H^j 



Hi+-) =< Ve(+,0(°),e(_) >= r(^(°\_) = -p=-p. 
In terms of the real basis 



2ia 



= = 5 (-^(11) ~ ^(22)) e^'" = I (Ai - A2) e 

P = = -5 (-^(11) + -^^(22)) = -\ ('^l + •^2) , 

as claimed. □ 

The Gauss curvature of S' is /t = — ctct — 1, and in terms of local coordinates 
{v, v) this is: 



J21 _|_ J12 



(1 + /X1P2)2 (1 + /X1/X2)^ 



(2.7) 



2.4. Complex Curves. 

Definition 6. A point 7 on a surface S C L(H'^) is said to be a complex point if 
the complex structure J acting on L(]HI'^) preserves T-yE. A surface S c L(EI^) is 
said to be a complex curve if all of the points of S are complex points. 

In particular: 

Proposition 8. A point ^ on a surface S is complex iff the shear vanishes along 
7- 

Proof. Let /: S L(H'^): [v^v] ^ {ni{v^v), H2{v,vy) be the smooth immersion 
of S in L(H3). We consider the derivative of the immersion df : TT, ^ Th{M.^). 
Let j be a conformal structure on S compatible with v. We define the sections 
S+f e AiO(S) O T10L(H3) and 5-f e A01(S) O riOL(H3) by 

5+/ ^l{df-^odfo j) 5-f = + J o d/ O j). 

Then 5+ f A 5"/ e A2(E)(g) det TiOL(e3) works out to be 

5^ f A 6~f = Ji2du A dP. 
Now, a point is complex iff this 2-form vanishes. On the other hand we have 

_ 8/X2 ^2 1 _ 8;U2 J12 

/[t2A|l + /ii;[i2p /[t2A|l + /ii;[i2|^' 

and hence the proposition follows. □ 
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2.5. The Induced Metric. 

Theorem 1. Let Ti be a surface in L(IHI'^). The induced metric is Lorentz (degen- 
erate, Riemannian) iff |cr|^ — > (= 0, < 0), where A and a are the twist and 
the shear of the geodesic congruence S. 

Proof. Let / be the smooth immersion hke before with local complex coordinate v. 
We have seen that the twist and the shear are given by 

J2I "^12 



8/^2 J21 , 4z 

(T = — — T-T- .„ — ~r 

Therefore we obtain 
16 



(1 + /X1M2)2 (1 + M1M2)2 



+ TT"; + TT', '^i2>^2 1 - o>^2i-'i2 



.(1+/X1/X2)4 (1+M1M2)^ |l+/Xi/i2|H 2 

Pulling back the metric G, which is given by (1.2), to S and computing the deter- 
minant 

det[rq=-^(|ap-A2), 

and the theorem follows. □ 

We have the following corollary: 

Corollary 1. The induced metric on a Lagrangian surface in L(H'^) is either 
Lorentz or degenerate, the latter occurring at umbilic points on the orthogonal sur- 
faces in . 

Proof. By Proposition 4 a Lagrangian surface has A = 0, and so, by the preceding 

theorem, S is Lorentz or degenerate, according to whether a is non-zero or zero. 
By Proposition 7 a point on the orthogonal surface at which cr = is an umbilic 
point: Ai = A2. The result follows. □ 

Similarly, we have: 

Corollary 2. The induced metric on a complex curve S in L(]HI^) is either Rie- 
mannian or degenerate, the latter occurring at Lagrangian points on E. 



3. WEINGARTEN SURFACES IN 

Definition 7. A surface S in is said to be Weingarten if the eigenvalues Ai , A2 
of the second fundamental form of S are functionally related [14]: 

dXi A dX2 = 0. 

we now prove our main result, namely: 
Main Theorem: 

Let 5 C be a smooth immersed oriented surface and S c L(]H1^) be the 

Lagrangian surface formed by the oriented geodesies normal to S. Assume that the 
metric Gs induced on S by the neutral Kdhler metric is non- degenerate. Then S 
is Weingarten iff the Gauss curvature of Ge is zero. 
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Proof. First assume that the normal geodesic congruence S is of rank 2 and so 
is locally parameterized by in i-^ (/xi, /i2(/Ui, Mi))- Our first task is to find the 
Gauss curvature K of the geodesic congruence. The induced metric g, computed 
by pulling back (1.2) to E, is: 

dp,2 , 2 , 9jl2 



g( = Gs = 2 Im 



(3.1) 



.(l + MiM2)2 ' (l + MiM2)2" 

where d,d are differentiation with respect of Hi,p,i respectively. By Proposition 4 
the Lagrangian condition is Im p = and so by equation (2.4) 

dfl2 3^2 



(1+Ml/X2)2 (l+MiM2)2 ^' 
Thus the induced metric on a Lagrangian surface simplifies to 

djl2 , 2 



(3.2) 



(1+M1M2)^ 



(1 + /«1M2)2 



The Christoffel symbols of the metric Ge are 



Id 



In 



9/i2 



{I+II1II2) 



F^ 

" 2 



In 



(l+Ml/i2)^ 



Set 



2dil2 



dn2 



(l + mM2)2 



diJ.2 



(1 + M1M2)2' 

SO that the induced metric on S is 

g = -i{(7odfil - aodfii), 
and the Christoffel symbols can be written 



(3.3) 



F^ 
11 



F 



F^ 



The only non vanishing components of the Ricmann tensor turn out to be 



CTO (To 

For a 2-dimensional surface, we have the following relation that gives the Gauss 
curvature K: 

Rabcd = K{gacgbd — gadgbc)- 

Using the above relation we obtain 



K = 



Ri 



111 



1 



;Ri 



111 I 



and so 



K 



4|ao| 



2(9^0 - d'ao) + 



mgi 1 



(3.4) 

If (To = then the induced metric vanishes, and we therefore exclude this case 
and assume that ao ^ 0. 
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Now set 

Po = , T^- (3-5) 

Since S is Lagrangian, po is real function. DiflFerentiating (3.3) and (3.5), we obtain 

95/i2 2/ii9/i29/i2 2/i29/i2 



5po 



(l+/il/X2)2 (1+^1^2)'^ (l+jliH2f 

dd^j,2 2/ii<9/y,29/J,2 



{l+jllH2y (l+AlM2)-'' 

and therefore we have estabhshed the identity: 

dao = dpo + — Po- (3-6) 

1 + /ii^2 

We have seen that the Gauss curvature (3.4) has a term with second order deriva- 
tives of (To and ctq. We can reduce the order of the derivatives using (3.6): 

d'^ao = ddpo + B ( _ po] d'^&o = ddpo + d ( — po 

V 1 + MiAt2 / V 1 + M1M2 

and subtracting we obtain 

\1 + Illll2 I+P1II2 

We now substitute the above into the expression (3.4) and obtain the Gauss cur- 
vature of S: 

fi2dao P2d(Jo , 1 f (dao)^ - BaoBao {Baof - daoBao^ 



K 



.I+M1M2 I+M1M2 4 V CTo CTq 

Denote the Gauss curvature of the orthogonal surface S in H'^ by k. If k = 
then we have from equation (2.7) in graph coordinates that 9/Lt2 = 0. Then, by 
expression (3.5) we have that po = and from the identity (3.6) we conclude that 
duQ = 0. Substituting this in the expression above for we have K — Q and the 
surface in L(EI^) is scalar flat, as claimed. 

Now assume that k 0. If Ai,A2 are the eigenvalues of the 2nd fundamental 
form, then k — A1A2 — 1. From (2.6) we obtain 



2(AiA2 - 1)^ 



Observe that, on an open set, 

A d { '—^ 1=0 iff dAi A rfA2 = 0, 



and therefore a necessary and suSicient condition for the the surface S to be Wein- 
garten is 



^d[ '—^ ) =0. 



We are ready now to prove our result. We need to show that 
^ f ^) ^ ^ (^^) °^ ^^^^ ^ 



12 



NIKOS GEORGIOU AND BRENDAN GUILFOYLE 



Expressing the Gauss curvature k of S, and p, a in terms of po, o'o 



16 

then 



p = -1 - - po - 



\<yy 



|1 + MlM2|^ 

p+1 



8/i2(i + /ilM2) 

cr = - , rO-Q, 

/i2A(l + 



,2 ' 



1 1 



lAi2| 



2 2|l + /xiM2p Po 



Computing the derivatives of the above we obtain 



PoV2|^e-^- 

2|l + /ii/X2|2 



9po _^ 2/X2 
po 1 + MlAt2 



. dpo 2^2 
c^/^1 + + -r— ^ 

' Po 1 + /UlAt2 



dpi 



and hence we find 



Po 

Ad' " ' ^ 



dpi+(a|c7o|2-2|aor^ 
Po 



dpi 



rKdfii A dpi 



" 2ie2'-p4|l + pip2|3^ 

Therefore the surface S is Weingarten iff iiT = 0. 

Now suppose that S C L(I1'^) is of rank 1, with immersion / : S — > L(H^) : y ■ 
u + iv ^ (pi(u), P2(w, t;)). The induced metric g = f*G has components 



9uu — ^ 



9„pi9„p2 dup.idui-12 



(H-P1P2)2 (1+P1P2)2 



with inverse metric 



(l + piP2)2 (l + mM2)' 
1 



5™ = 5™ 



(3.7) 
(3.8) 



The only non- vanishing Christoffel symbols are: 

'■ uu y '-'uiJuv 2" '-'vyuu 
1 



^ w — i/ ^vyuv 
The Gauss curvature iiT of the surface S is given by 

Ryuvu ~ ^ {9uu9vv 9vuQvu) ~ 9vu^' 

But we know that 

Rvuvu — 9viRuvu ~ 9vuRuvui 

and after a brief computation we find that 

■^uvu uw 



(3.9) 
(3.10) 



(3.11) 



Wc first find r"^^. From the expressions (3.9) for the Christoffel symbols we need 
to find duguv and dv9uu- 



du9u 



Im 



(9^pi9„P2 , 9„pi9„5„p2 2pia„pi5„p29„p2 2p2(3„pi)^3^p2 



+ 



(1 + P1P2)2 (1 + P1P2)2 



(i + mP2)3 



(i + mM2)3 
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while, 



Thus 



: Im 



1 



du9uv - -^dv9uu = Im 



dliJ,idyjl2 2/i2(9„Mi)^9„/U2 



Now, the Lagrangian condition is: 

duliidvfi2 



(l+MiAt2)2 (l + /iiM2)^ 

^u^^l^v^J,2 



(1 + M1M2)2 (l + AlM2)2' 

which when appUed to (3.8) gives 

{1 + Hljl2)'^ {l + fLlfl2)^ 



5"" = 



iduiJ^idvfi2 



iduHidyiJ,2 



Finally, 



ig" 



C2pv9uu) 

dlfj,ldvp,2 , dlflidyfl2 , 2/i2(9„/il)^5^,/^2 2/Z2(5„/ii)29„/i2 



(1+A*1M2)^ (l+/XiAi2)2 



(1 + M1M2)3 



dliJ,idyii2 (l+MiA*2)^ , dlnidyii2 {1 + IJ.1H2) 



+ 



(1 + /Ui/U2)2 iduHidyiJ2 (1+Mi/U2)2 iduliidyiJi2 
dlfii 2jj,2duHi 



2 
Im 



Now if we derive the above expression with respect on v, we get: 



(I + /X1M2F 



(9 r" = --3 



(9„ 



M2'9mM1 
1 + /ilM2 

dyfi2dufii 

(l+Ml/i2)2 ^ 

0. 



1 



M1M2 



t^uMi _ 2fi2dufJ.i _ 2^i2dup.i 

dufll 1 + /Xl/i2 
M2^mM1 

1 + AiiAt2 

9i,/i29„Ml 



(l+/Xl/i2)2 



Prom (3.11) we have that R^^^ = 5„r^„ = 0, and so Ry 
Therefore the Gauss curvature K given is 

Ruin 



yvu^u 



0. 



K 



q2 



0. 



Thus S is scalar flat. 

We now prove the converse: that if E C L(H^) is a Lagrangian surface of rank 
1, then its orthogonal surface S C is Wcingarten. 

Let Ai,A2 be the principal curvatures of S. Then, by Proposition 7 

K = AiA2-l |(7| = i|Ai-A2|, (3.12) 



where k, is the Gauss curvature of S and a is the shear of S. 
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Since S is assumed to be of rank 1, it is given by /j-i 
We know that the shear is 

8/i2 1 



Hi{u) and /X2 — H2{u,v). 



and therefore, 



64J. 



16 dalnOnHiOcH-lOrlla 



On the other hand, the Gauss curvature k of S' is 



J21 



Jr 



which gives 



(3.13) 



(l + /ii/i2)2 (l+/il/i2) 

2(l + /iiM2)2 2(l + /xiM2)2 

8?: duiiidvfi2 

A(l+^l/X2)2' 

2 _ 64 dutJ.idyji2 dulJ.idyfl2 

~ A2(l + mM2)Ml + mM2)2 

_ 64 dufHdvp.2 dup-idvfj,2 

~ A2 (1+^1/22)2 (1+/X1/X2)2 

_ 64 dufiidyfl2duflidyfi2 .^ 

-A2 |1+M1M2|4 • ^""-'^^ 

From (3.13) and (3.14) we observe that = 4|cr|2 and substituting their expres- 
sions given in (3.12) we obtain 

(AiA2-l)2 = (Ai-A2)2, 

or 

(Ai - l)(Ai + 1)(A2 - 1)(A2 + 1) = 0. 
Therefore the surface S is Weingarten and this completes the rank 1 case. 

A rank Lagrangian surface is a horosphere, on which the metric is degenerate, 
and so we have completed the proof of the stated result. 

□ 



4. Examples 

4.1. Totally Null Surfaces. 

Definition 8. A point 7 on a surface S C L(HI^) is a totally null point if the 
induced metric on E is identically zero at 7. A surface is totally null if all of its 

points are totally null points. 

In [5] it is shown that there are two types of totally null planes: a-planes and /3- 
planes. On the former, the anti-self-dual 2-forms vanish, while on the latter the self- 
dual 2-forms vanish. In particular, the a-plancs arc holomorphic and Lagrangian. 

We now classify the totally null surfaces in L(]HI'^). Before doing so, let us intro- 
duce some terminology. 
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Definition 9. Given a point p gM^, the geodesic sphere of radius ro and centre p 
is the surface in obtained by flowing a distance ro along all oriented geodesies 
through p. 

The geodesic spheres have the following useful characterization: 

Proposition 9. The oriented normals to a geodesic sphere with centre {to,zo) in 
the upper half space model are given by the solution set of: 

^0A<iAt2 + {tl + ZoZq)ijl2 - Hi - Zo = Q. (4.1) 

Proof. Let (^, rf) be an oriented geodesic which is normal to a geodesic sphere in 
with centre [to, zq). Then there exists ro € M such that (see equation (1.4)) 



*o = ^\ — \ — ^0 = — + — tanhro . 

2 /^2 cosh ro 2/i2 V 2/^2 



(4.2) 



It is now easy to show that (4.2) implies (4.1) 

Conversely, suppose (4.1) holds for an oriented geodesic 7 = (/ii,/i2)- Using the 
coordinate change (1.3) from {11^,^,2) to (^, r?) the relation (4.1) becomes: 

iizo - r?) - iizo - r?) + |^|' [tl + \zo - - ^) = 

Since 



i{zo-n)-l{zo-'n)&i^ and I^H *o + - ??|^ 
we obtain 



1 



1^1 



azo -V)= ^zo - rj) (4.3) 

tl + \zo -7^\'-jL=o. (4.4) 

Thus, by equation (4.3), ^{zq — rj) is real, and, by the relation (4.4) (using the fact 
to > 0), we have 

lazo - v)? < 1, 

and therefore there is ro S M such that 

f ( 20 -??)= tanhro. (4.5) 

Substituting (4.5) into (4.4), and using again the fact ^o > we obtain 

1 tanh ro 

*o = T7i ir~ °^ zo=r]+ — = — . 

1^1 cosh ro ^ 

Therefore (toj^o) G 7 (see equation (1.4)) and hence 7 belongs to the sphere in 

L(H3) with centre (to,zo)- □ 

If we fix a point fxo on (considered as the boundary of the ball model of H^) 
and look at all of the oriented geodesies that end at no, we obtain a surface in 
L(H'') that is readily found to be Lagrangian. The orthogonal surfaces in are 

well-known: 

Definition 10. A horosphere is a surface in whose oriented normals end (or 
begin) at the same point on . 
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4.2. a-surfaces. We now establish: 

Theorem 2. An immersed surface S in L(EI^) is an a-surface iffT, is the oriented 
normal congruence of 

(1) a geodesic sphere, or 

(2) a horosphere, or 

(3) a totally geodesic surface 

Proof. Straight-forward calculations verify that the oriented normal congruence to 
the three listed classes of surfaces are holomorphic and Lagrangian. 

Conversely, assume that S is a holomorphic and Lagrangian. If it is of rank 0, 
then it is a horosphere. 

Suppose then that the surface is of rank 1. Thus locally the surface can be 
parameterized hy = u + iv ^ {fi\{u), fi2{'a,v)). A straightforward computation 
shows that 

Holomorphicity implies that Jgi — 0, and so cither dup-i = or dvfi2 = 0. Thus, 
either the surface is not of rank 1, or it is not immersed, respectively. 

Now assume that the surface is of rank 2 and parameterize the surface S with 
fii. The vanishing of the shear implies that /i2 is a holomorphic function of /xi. 
Thus, about any given 7 G S, it can be expanded in a power series: 

00 

M2 = 5^A„/x?, (4.6) 
where An are complex numbers. The Lagrangian condition (3.2) says that 

(1 + Hlfi2)^dljL2 = (1 + /ilM2)^5ytX2- 

Inserting the series (4.6) in this, the holomorphic terms lead to the following rela- 
tion: 

00 

Ai - Ii + ^ [(n + l)An+i + 2nAnAo + (n - l)A„_i A^] jJl = 0. 

n=l 

Thus Ai is real and we get the recursion relations 

(n + l)A„+i + 2nA„Ao + (n - l)A„_iAg =0 n = 1, 2, 3, ... 
It can be easily proven by induction that this is equivalent to 

A„ = i-ir-'A^-'A,, 
for any n = 1, 2, 3, and therefore 

= Ao + f:(-l)"-^Ar^A,^? = ^o + {AoAo + A,)^^, ^ 

where Aq e C and Ai e M. 

If ^1 > 0, S is a geodesic sphere with centre {zo,to) with 

= -^0 ^ _ 

A^+AoAo ° Ai+AoAo' 

as can be seen by inserting (4.7) in (4.1). 
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On the other hand, if Ai =0, 'E, is clearly a horosphere because /X2 = Aq. 
We now prove that if Ai < then there exists an orthogonal surface in which 
is totally geodesic. 

For the Lagrangian geodesic congruence given by (4.7), the orthogonal surfaces 
in are obtained by integrating (2.5), which yields 

2r = In \Ao + [A^ + AoAo)mi|' + C, (4.8) 

where C e K. The divergence can now be computed by (2.4) and the result is: 

^" AieC-y 

Thus the orthogonal surface in obtained by setting C = — ln(— Ai) in (4.8) is 
totally geodesic, since both a and p vanish. □ 

Note: In proving the preceding, we have established the well known classification 
of totally umbilic surfaces in [13]. 

4.3. /3-surfaces. In [5] the /3-surfaccs arc classified: 

Theorem 3. A (3-surface in L(]HI'^) is a piece of a torus which, up to isometry, is 
either 

(1) L(H2), where c or 

(2) Ci X C2 C X — A, where Ci is a circle given by the intersection of the 
2-sphere and a plane containing the north pole, and C2 is the image of Ci 
under reflection in the horizontal plane through the origin. 

4.4. The Holomorphic Structure of L(H'''). Consider x P^. Then the ho- 
mology group i/2(IP^ X P^) = Z ® Z has generators [h] and [w], where h and v are 
horizontal and vertical fibres of the natural projections. The intersection pairing 
on these generators is obviously 

[h] . [v] = 1 [h] ■ [h] = [v] . [v] = 0. 

It is also not hard to show that [A] = [h] + [v] and [A] = [h] — [v]. 
Let C be a closed holomorphic curve in x . Then 

[C]=m[h]+n[Y], 

where m > 0, n > and, with m and n not both zero. Clearly 

[C] • [A] = m + n > , 

so every closed holomorphic curve in P-'^ x P^ must intersect the diagonal. We 
conclude that there are no closed holomorphic curves in P^ x P^ — A. If L(]HI^) were 
biholomorphic to P^ x P^ — A, then by Proposition 7, there would be no closed 
totally umbilic surfaces in H^, which we have just shown is not true (the geodesic 
spheres being the counter-examples). No such restriction applies to P^ x P^ — A, 
since there are many closed holomorphic curves in P^ x P^ that do not intersect A, 
one example being A: 

[A] . [A] = 1 - 1 = 0. 
Thus, the distinction between P^ x P^ — A and P^ x P^ — A is essential. 
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4.5. Flat Surfaces. 

Definition 11. A surface 5* in H'' is flat if the Gauss curvature k of 5* is zero. 

Theorem 4. Let S be an oriented smooth immersed surface in 'E? with normal 
geodesic congruence / : S — > L(]HI^) parameterized by /i2 = /i2(Mi)Mi)- 
Then S is flat iff /i2 is an anti-holomorphic function of fxi . 

Proof. In this case, the Lagrangian condition for S is 

(l+/-il/i2)2 ~ (l+^i/i2)2' 

and then, by equation (2.7), the Gauss curvature k of S 

_ 16 dii2 
" ~ A (1 + /iiM2)2 ■ 

Therefore the vanishing of the Gauss curvature is equivalent to /X2 being an anti- 
holomorphic function. We can see as well that if a Lagrangian geodesic congruence 
has an orthogonal flat surface in H"^ then all of its orthogonal surfaces are flat. 

□ 



4.6. Surfaces of Constant Mean Curvature 1. 

Definition 12. A surface is S in is of constant mean curvature 1 (CMC 1) if 
the mean curvature of S is equal to 1. Equivalently, the divergence is p= —1. 

We now prove 

Theorem 5. An immersed Lagrangian surface given by 112 = /U2(/Ui, /xi) has an 
orthogonal CMC 1 surface if and only if gq is holomorphic, where 

dfi2 



(To = 



{l+fXlP2)^' 



Proof. Let S be an oriented smooth surface with constant mean curvature H=l. 
Let E c L(EI^) be the oriented normal geodesic congruence to S. 

Since E is Lagrangian, by Proposition 6 there exists a function r : E ^ M 
satisfying (2.5). 

Now, being CMC 1 implies, from p = —1 and the expression (2.4), 

5M2 |M2P ^_2.^o^ 



(1 + /Ul/Lt2)^ |l-|-/ii/X2 

which can be integrated to 

1 ^ |1+M1M2P 



where po is defined in equation (3.5). 
Inserting this in (2.5) we obtain 

/|l + /Il/X2p \ dfl2 , dfl2 , /i2 

-5 In . — Po 



M2P J /^2(1 +/Ul/^2) M2(l+mM2) I+M1M2' (49) 
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On the other hand, if a given Lagrangian surface S satisfies the condition (4.9), 
then from (2.5) we have 

o« «i /^|l+MiM2p 
2dr = -d\n\ ■ — po 

and hence 

1 ^ |1 + /X1M2P 
^=-0^'^\ \ 12 ' 

c is real constant. We thus obtain an orthogonal surface S to the geodesic congru- 
ence E, parameterized by r with c = 0. This surface is CMC 1. 

Therefore a Lagrangian geodesic congruence /X2 = /i2(Mi)A'i) has an orthogonal 
CMC 1 surface if and only if (4.9) is satisfied. Now we prove that (4.9) is equivalent 
to d(jQ = 0. 

The relation (4.9) can be written 

1 + Jiill2 , 1 + M1M2 _ , A2 Jildfl2 M2 + Ml9/U2 dpo dfj,2 , dft2 
Po-\ = O'o+:i— — = -Tl-^ T"^ = ^ 

M2 M2 1 + M1M2 1 + M1M2 1 + M1M2 PO M2 /"2 

Using (3.6) we get 

I + P1M2 ^l+Mi/^2_ ^ A2 _ ^ _ X ,^ ^ _ 

Po H = cro + — — = -Ati(l +MiM2)Po - Mi(l +MiAt2)o-o 

M2 M2 1 + M1M2 

M2 1 K 2/^2 \ , dfJ.2 , 5/Z2 

Ocro - — —po 



I + M1M2 Po V I + P1P2 / P2 /'2 

Cancelling terms using the definitions (3.3) and (3.5), we find that Bao =0. □ 
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